Abstract. We show the uniform simplicity of the identity component Diff r (M n ) 0 of the group of C r diffeomorphisms Diff r (M n ) (1 ≤ r ≤ ∞, r = n + 1) of the compact connected n-dimensional manifold M n with handle decomposition without handles of the middle index n/2. More precisely, for any elements f and g of such Diff r (M n ) 0 \ {id}, f can be written as a product of at most 16n+28 conjugates of g or g −1 , which we denote by f ∈ (C g ) 16n+28 .
Introduction
In 1947, Ulam and von Neumann ( [22] ) announced the following theorem. Theorem 1.1 (Ulam-von Neumann [22] In 1960, Fisher ([5] ) showed that for a compact connected manifold M n of dim n ≤ 3, Homeo(M n ) 0 is a simple group.
Here, a group G is said to be simple if G contains no nontrivial proper normal subgroups. Equivalently, G is simple if, for f ∈ G and g ∈ G \ {e}, f can be written as a product of conjugates of g or g −1 .
In 1970, Epstein ([4] , [2] ) showed that for certain groups such as the group of C r diffeomorphisms (r ≤ ∞) where we can apply the fragmentation technique, the perfectness implies the simplicity.
Here a group G is said to be perfect if the abelianization of G is a trivial group. Equivalently, G is perfect if any element of G can be written as a product of commutators.
For a manifold M n , let Diff r (M n ) denote the group of C r diffeomorphisms of Herman-Mather-Thurston ( [7] , [10] , [11] , [15] , [2] ) showed the perfectness of the identity component Diff r c (M n ) 0 of the group of C r diffeomorphisms (1 ≤ r ≤ ∞, r = n + 1) of an n-dimensional manifold M n with compact support, which implies the simplicity of the group when M n is connected.
For g ∈ G, let C g denote the union of the conjugate classes of g and of g −1 . Then
we can define an interesting distance function on the set {C g g ∈ G \ {e}} by
Definition 1.3. We say that G is uniformly simple if there is a positive integer N such that, for f ∈ G and g ∈ G \ {e}, f can be written as a product of at most N conjugates of g or g
In other words, G is uniformly simple if the distance function d on {C g g ∈ G \ {e}} is bounded.
There are simple groups which are not uniformly simple. For example, the direct limit A ∞ of the alternate groups A n , the identity component of the group of volume preserving diffeomorphisms with compact support of R n (n ≥ 3), etc.
If an infinite group is uniformly simple, then it is uniformly perfect. Here a group G is said to be uniformly perfect if there is a positive integer N such that any element f ∈ G can be written as a product of at most N commutators. By using the results of Herman-Mather-Thurston ( [7] , [10] , [11] , [15] , [2] ), we showed in [21] the uniform perfectness of Diff r (M n ) 0 (1 ≤ r ≤ ∞, r = n + 1) for the compact n-dimensional manifold M n with handle decomposition without handles of the middle index n/2.
We show in this paper, the uniform simplicity of the identity component Diff r (M n ) 0 (1 ≤ r ≤ ∞, r = n + 1) of the group of diffeomorphisms of the compact connected n-dimensional manifold M n with handle decomposition without handles of the middle index n/2. This uniform simplicity (in particular, the estimates on the number of conjugates) follows from certain improvement of the proof in [21] of the uniform perfectness of Diff r (M n ) 0 (see also Remark 3.4).
Our results in this paper are as follows.
Theorem 1.4.
For the n-dimensional sphere S n (n ≥ 1), for any elements f and For a handle decomposition, let c be the order of the set of indices which appears as the indices of handles in the handle decomposition. In the following theorems, for a manifold M n , c(M n ) denotes the minimum of such numbers c among the handle decompositions of M n without the middle index n/2 (if n is even). Of In Section 2, we review the results of our previous paper [21] and give the necessary improvement. In Section 3, we give the proofs of theorems. There we also remark that for the n-dimensional sphere S n , any element f ∈ Diff(S n ) 0 can be written as a product of 3 commutators, and for a compact (2m 
can be written as a product of two commutators.
To discuss the uniform simplicity, we use an improvement of this theorem. In the proof of this theorem, we used a nice Morse function on M n to find a k-dimensional
We will use the Morse function on M n and the associated handle decomposition to show the following theorem. To prove Theorem 2.2, we review the Morse functions and handle decompositions. Before the beginning of the proof of Theorem 2.2, let f denote a Morse function and we fix notations as in [21] .
Let f : M n −→ R be a Morse function on a compact connected n-dimensional
Put
, and then this W k is a compact manifold with
. Let c k be the number of critical points of index k. Then the manifold W k is diffeomorphic to the manifold obtained from W k−1 by attaching c k handles of index k (k = 0, . . . , n). This means the following.
diffeomorphisms with disjoint images. Let
In this paper, we consider that W k is a submanifold with corner of W k and
(which is shown by using the flowlines of the gradient flow Ψ t ). The handles (
index k are contained in the interior of W k . Then we have the sequence
By choosing a Riemannian metric on the manifold M n , the Morse function f defines the gradient vector field and the gradient flow Ψ t . The fixed points of the gradient flow Ψ t are precisely the critical points of f . The core disk and the cocore disk of a handle of a handle decomposition of M n correspond to the local stable manifold and the local unstable manifold of the corresponding fixed point p of the gradient flow Ψ t , respectively ( [13] , [14] 
and
Hence we call X (k) the core complex of W k .
The core disks (D k × {0}) i is in the stable manifold for the gradient flow Ψ t of the critical point ({0} × {0}) i of index k. We may consider the flow Ψ t on the 
Using the gradient flow Ψ t , for any neighborhood V of X (k) and for any compact subset A in int(W k ), we can construct an isotopy 
Proof. We construct the isotopy F t , skeleton by skeleton. Assume that for
there is a negative real number τ u+1 such that, for the (u + 1)-dimensional cells e u+1 i
Since there are only finitely many handles of index u + 1, we can take τ u+1 uniformly on i.
We define F u+1 t with support in
We have the projection
under differentiable maps, it is a measure zero subset of
, and since L is compact, it is a nowhere dense subset of D n−u−1 . Take a point q close to 0 in the complement of
= id) be the isotopy with support in
Thus we obtain an isotopy {F u+1 t
Then we define F t to be the composition of 
Proof of Theorem 2.2. By applying Lemma 2.3 to the core complex X
By using the gradient flow, we can construct an isotopy {G t } t∈ [0, 1] 
Note here that On the other hand, G 1 is defined by using the gradient flow. However, G 1 can also be written as a product of isotopies with support in neighborhoods of
which shrink these sets to the core disks (D u × {0}) i , where i = 1, . . . , c u ; u = 0, . . . , k. These neighborhoods are balls and the product G We may assume that the support of f is contained in U .
By the results of Herman-Mather-Thurston ( [7] , [10] , [11] , [15] , [2] ), f can be written as a product of commutators such that the support of each commutator is contained in an embedded ball.
Hence we can write
, where the supports of a i and b i are contained in a ball V i in U . We put Remark 2.5. In many cases, we can construct
In this case, we use F 1 and W in the place of g and U , and f is written as a product of 2c + 1 commutators with support in balls. In particular, for a 3-dimensional handle body H 3 , this is the case, where c = 2. Hence any element of Proof. Since g is a nontrivial element of Diff 
is with support in U , it can be written as a product of 4 conjugates of g or g
Before proving Theorem 1.4, we give a remark which makes a better estimate on the number of commutators than our previous one ([21, Theorem 5.2]). 
Thus gαg 
is with support in a union of disjoint balls, hence is with support in a larger ball. Hence g = G 1 • F 1 can be written as a product of c diffeomorphisms with support in embedded balls.
